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Abstract 

The problem of t ransforming non l inea r  systems t o  l i n e a r  systems 

is  r e c e i v i n g  much a t t e n t i o n  i n  t h e  l i t e r a t u r e .  I n  t h i s  paper  w e  p re-  

s e n t  n sces sa ry  and s u f f i c i e n t  c o n d i t i o n s  t h a t  a n o n l i n e a r  c o n t r o l  

system wi th  ou tpu t  be e q u i v a l e n t  t o  a l i n e a r  c o n t r o l  system wi th  

l i n e a r  o u t p u t  (which i s  c o n t r o l l a b l e  and observable).  The c o n d i t i o n s  

s depend on c e r t a i n  L i e  der ivat ives  of t h e  o u t p u t  and can  be v e r i f i e d  

i n  a f i n i t e  number of steps. For s i m p l i c i t y  w e  c o n s i d e r  o n l y  t h e  

single inpi i t ,  s i n g l e  output case. 
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1. Int roduct ion  

The main problem of i n t e r e s t  i s  t o  determine if a given non- 

l i n e a r  system w i t h  o u t p u t  i s  equ iva len t  t o  a c o n t r o l l a b l e  and 

observable  l i n e a r  system. 

a n a l y t i c  s i n g l e  i n p u t ,  s i n g l e  o u t p u t  n o n l i n e a r  system 

For t h i s  paper  w e  restrict  to a real- 

w i t h  f(O) = 0. The first equat ion i n  (1) r e p r e s e n t s  t h e  dynamics, 

t h e  second t h e  ou tpu t .  By equivalence w e  mean there e x i s t s  a 

nons ingu la r  snrooth s t a t e  space c o o r d i n a t e  change on lRn n e a r  0 

so t h a t  (1) becomes 

G = Aw + bv 
2 = cw 

a controllable and observable  system. For t h i s  " s t a t e  space  

equiva lence"  we t ake  v = u. The c o n d i t i o n s  w e  d e r i v e  invo lve  a 

f i n i t e  number of L i e  d e r i v a t i v e s  of t h e  o u t p u t  func t ion  h ( x )  , 
i n  (1) , and t h e s e  appear  as k e r n e l s  i n  the  ( fo rma l )  Volterra 

series of (1). 

If we ignore  t h e  o u t p u t s  i n  systems (1) and (21 ,  t h e  s ta te  

space  equiva lence  problem is so lved  i n  [l) and (21.  I s ido r i  (31 

also p r e s e n t s  c o n d i t i o n s  under  wh ich  t h e  n o n l i n e a r  system w i t h  

o u t p u t  e x h i b i t s  l i n e a r  input-output  behavior .  

Another type of equivalence t h a t  has  r ece ived  much a t t e n t i o n  

L! 
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i n  t h e  l i t e r a t u r e  is  t h e  feedback equiva lence  ( s t a t e  space coord- 

i n a t e  changes, n o n l i n e a r  feedback, a?d i n p u t  space coord ina te  

changes) . 
and l i n e a r  systems is  now w e l l  understood (see [ 4 1  and [SI) when 

o u t p u t s  are n o t  considered. I f  o u t p u t s  are'added, then the feed- 

back equiva lence  problem, where we w i s h  t o  move (1) t o  a system 

which has  l i n e a r  input-output  behavior  i n  some specified sense ,  

i s  examined i n  [31 ,  [ 6 ] ,  171 and [ 8 ] .  

The feedback equivalence problem f o r  non l inea r  systems 

In  s e c t i o n  2 of t h i s  paper we i n t roduce  needed d e f i n i t i o n s  

and n o t a t i o n ,  The t h i r d  s e c t i o n  c o n t a i n s  o u r  main r e s u l t s .  Here 

we  p r e s e n t  s u f f i c i e n t  cond i t ions  invo lv ing  L i e  d e r i v a t i v e s  of the 

o u t p u t  for system (1) so that (near the  o r i g i n  i n  Etn) 

(i) t h e  system jL - f (x)  + g ( x ) u  is feedback e q u i v a l e n t  

to  8 = Aw + bv, 
(ii) the system k = f ( x )  + g ( x ) u  is  state e q u i v a l e n t  

to  t5- = Aw + bv, 

(iii) the i npu t -ou tpu t  s y s t e m  (1) is state e q u i v a l e n t  t o  

the h p u t - o u t p u t  system ( 2 ) .  The s u f f i c i e n t  c o n d i t i o n s  

h e r e  are also necessary.  

Mult i  i n p u t ,  m u l t i  o u t p u t  ve r s ions  of these r e s u l t s  w i l l  appear  

elsewhere. 
For i n t e r e s t i n g  r e s u l t s  on t h e  equiva lence  of n o n l i n e a r  systems 

(wi thout  i n p u t s )  t o  l i n e a r  systems having o u t p u t  i n j e c t i o n  (a lso 

w i t h o u t  inputs) we refer t o  (91,  [ l o ] ,  and ( 1 1 1 .  

l e m  w h e r e  i n p u t s  are added i s  also considered,  b u t  t h e  r e s u l t s  a r e  

nore concerned w i t h  observer design than  w i t h  equiva lence  c o n d i t i o n s .  

The obse rve r  design technique  w i t h  i n p u t s  is r e l a t ed  t o  t h e  des ign  

t echn ique  w i t h o u t  i n p u t s .  

I n  ( 1 1 1 ,  t h e  prob- 



3 

2.  D e f i n i t i o n s  

If  f and g are Coo vector  f ie lds  on Wn, t h e n  t h e  L i e  b r a c k e t  

is 

(this i s  t h e  nega t ive  of the u s u a l  d e f i n i t i o n )  # where 

are Jacobian matrices. 

and 2 
Successive L i e  brackets are def ined by 

. . 

Given a c" func t ion  h and a c" vector f i e l d  f# the Lie - 
derivative of h with respect to f is 

where (e#=) denotes  the d u a l i t y  between one forms and vector 

f i e lds .  Then we  l e t  

0 L , h = h  

1 

2 

Lf h = Lfh 

Lf h = L f ( L f h )  = LfLfh  

L f k h  = L f ( L f k - l  h )  = L ~ L ~ " - '  h .  



Other  L i e  d e r i v a t i v e s  l i k e  L L h can be def ined .  
9 f  

S t a r t i n g  with system (1) and moving t o  system ( 2 )  through 

equiva lence ,  one assumption which w e  have i n d i c a t e d  i s  t h a t  

system ( 2 )  be controllable and observable. To guarantee t h i s ,  

f o r  t h e  remainder of t h e  paper both of t h e  sets { g , [ f , g l , . . . ,  

(adn-lf  ,g) 1 an8 {dh, dLfh,. . . ,dL,h-'h) are assumed t o  span En 

n e a r  t h e  o r i g i n .  

We also make use of  the L i e  d e r i v a t i v e  o f  a one form w wi th  

respect to  a vector f i e l d  f 

w i t h  * deno t ing  transpose. 

The three typ& of L i e  d e r i v a t i v e s  are related by the 

formula 

L e t  h be a Cao func t ion  and g a COD vector f i e l d  i n  some 

neighborhood U of t h e  o r i g i n  i n  Etn. 

t h e r e  is an open set, a l so  called U, c o n t a i n i n g  0 so t h a t  U i s  

f o l i a t e d  by the (n-1) dimensional l eve l  sets of h.  S t a r t i n g  a t  

all i n i t i a l  p o i n t s  i n  the level set So of h through 0 ,  w e  assume 

that U c o n s i s t s  of all so lu t ions  of i ( t )  = g ( x ( t ) )  f o r  t i n  some 

i n t e r v a l  (-tO,tO), to > 0. For t E (-tO,tO),  l e t  St be the  s e t  of 

all p o i n t s  x ( t ) ,  where x ( t )  solves A ( t )  = g ( x ( t ) )  and x ( 0 )  c S O .  

I f  dh does n o t  vanish  a t  0 ,  

. We remark t h a t  U can be reduced, i f  necessa ry ,  i n  t h e  proof 

of the fo l lowing  r e s u l t .  
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Lemma 2.1. 

St is a l e v e l  set of  h. 

I f  L h i s  a cons tan t  i n  u8 then  f o r  all t c  ( - to t to) ,  9 

Proof.  

so that  

Since g is nonvanishing on U 8  coord ina te  changes e x i s t  

on U. If L h = 0 on ut then h is independent of xn s i n c e  
g 

ah <dh8g>= a = 0 .  Hence the i n t e g r a l  curve of k = g ( x ( t ) )  through 
xn 

any p i n t  i n  St i s  a c t u a l l y  conta ined  i n  St. 

ah = Co on U and h axn Suppose L h = cot Co # 0, on U. Then 
Q 

is  l i n e a r  i n  xn. 

...,% ) - d, where  d is a cons tan t  for  each l e v e l  Set (d = 0 for 

the level set through 0) and 6 has the obvious d e f i n i t i o n .  

The l e v e l  sets o f  h are given by xn - ii(x18x28 

n-1 

Since  the s o l u t i o n  of i ( t )  = g ( x ( t ) )  s t a r t i n g  a t  any p o i n t  

i n  So is x1 - cons tan t ,  xz = cons tan t , .  . . 8 X  

it is obvious  t h a t  t h e  f l o w  maps the l e v e l  sets as requi red .  

= c o n s t a n t ,  xn = t 8  h-1 

0 
The proof of the following lemma invo lves  easy  computations 

and is  le f t  to  the reader .  

Lema 2.2. 

a n t  under nons ingu la r  coord ina te  changes on XIn. 

The cond i t ion  t h a t  L h is  a c o n s t a n t  on U is i n v a r i -  g 

I n  a d d i t i o n  to t h e  assumption i n  t h i s  lemma, suppose also 

t h a t  w e  are i n  a coord ina te  sys t em so t h a t  g i s  a c o n s t a n t  v e c t o r  

f i e l d .  

x28 . . . 8 and w i t h  respect to x, to f i n d  

W e  d i f fe ren t ia te  L h w i t h  respect to  X I 8  w i t h  respect to  
9 

Hg = 0 ,  



6 

where H i s  t h e  n x n  Hessian matr ix  

a2h 
2 axnaZ a xn 

. . .  a2h 

S i n c e  g is nonvanishing, w e  have the de terminant  o f  H is 

i d e n t i c a l l y  zero. 

e q u a t i o n s  [ 1 2 1  

This gives u s  the homogeneous real Monge-Ampere 

det  H = 0. 

Moreover, g is con ta ined  in the Monge-Ampere f o l i a t i o n .  If 

g=[] 
I 

t hen  h must be l i n e a r  i n  the xn variable, as i n d i c a t e d  i n  the 

proof  of Lemma 2.1. 

W e  p r e s e n t  d e f i n i t i o n s  concerning equiva lence  of t w o  systems . 
By state equiva lence  we mean there e x i s t s  a nons ingu la r  c o o r d i n a t e  

change on Id t a k i n g  one sys tem to  t h e  other. By feedback equiva- 

l e n c e  we mean there ex i s t s  a nons ingu la r  t r ans fo rma t ion  i n v o l v i n g  

s t a t e  space c o o r d i n a t e  changes, feedback, and coordinate changes 

on t h e  i n p u t  space.  A s  shown i n  (51 t h i s  can be viewed as a map 
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( i f  systems (1) and ( 2 )  are cons idered ,  (x,u) n + l  to #+l f r o m  W 

space goes t o  (w,u) s p a c e ) .  

3 .  Main Resu l t s  

We examine c o n d i t i o n s  under which we can move from system (1) 

t o  system ( 2 ) .  A simple example i l l u s t r a t e s  o u r  approach to  t h i s  

problem. 

Example 3.1. Consider t h e  non l inea r  system 

2 
3 X + 2 ( x 2  - x3 1x3 

X 0 3 2 1  + [ u = f ( x )  + g ( x ) u  

3 on a neighborhood of 0 i n s  . The state  space c o o r d i n a t e  change 

( 5 )  

2 a  w1 = x 1  - (x2 - x3 1 

w2 = x2 - x3 

w3 = x3 

2 

t a k e s  ( 4 )  to  (wi th  v = u )  

z = w 1 + w 2  , 
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a l i n e a r  system w i t h  l i n e a r  ou tpu t .  Thus w e  have t h a t  ( 4 )  i s  

s t a t e  e q u i v a l e n t  t o  ( 6 ) .  

An e a s y  c a l c u l a t i o n  shows t h a t  each of t h e  sets 

{g, [ f , g l ,  (ad 2 f , g )  1 and Idh, dLfh,  dLf 2 h }  f o r  system ( 4 )  are 

l i n e a r l y  independent.  

l i n e a r  system ( 6 )  i s  c o n t r o l l a b l e  and observable. 

T h i s  is e q u i v a l e n t  t o  t h e  f a c t  t h a t  t h e  

Next w e  examine computations invo lv ing  t h e  o u t p u t  func t ion  

y = h ( x )  i n  ( 4 ) .  I t  can be shown that  t h e  L i e  d e r i v a t i v e s  

L L h ( x ) ,  k = 0,1,2,3,4,5, a re  a l l  c o n s t a n t s  f o r  x nea r  0 .  We 

prove la ter  ( for  t h e  genera l  c a s e )  tha t  this impl i e s  

k 
. g f  

for  0 < 0 ,  t < 3, and the dynamics i n  (4 )  (wi thou t  o u t p u t )  are 

e q u i v a l e n t  to the dynamics i n  (6 )  (see [l] and [ 2  I ) .  The coordi- 
- - 

n a t e  changes t o  move from (4 )  to  (6) are e x a c t l y  those given i n  

( 5 ) ,  under  which t h e  o u t p u t  i n  system (6 )  i s  l i n e a r .  . 

Given system (1) our main conce rns  are to determine s u f f i c i -  

e n t  c o n d i t i o n s  so that the r e s u l t s  (i), (ii), and (iii) as s ta ted 

in t he  i n t r o d u c t i o n  hold. 

Theorem 3.1. (i) If there e x i s t  c o n s t a n t s  ck so tha t  L L h 

= ck, k = O , l , .  . . , 2n - 3 on a neighborhood of the  o r i g i n  i n  lRn, 

then  t h e  dynamics P = f ( x )  + g(x)u  i n  t h e  n o n l i n e a r  system (1) 

k 
g f  

are feedback e q u i v a l e n t  t o  the dynamics 6 = Aw + bv i n  ( 2 ) .  

h = Ck, k k (ii) If there e x i s t  cons t an t s  ck so t h a t  L L 
g f  

= 0, 1, . . . 8 2n - 1 on a neighborhood of t h e  o r i g i n  i n  JRn, t hen  
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;< = f ( x )  + g ( x ) u  i s  s t a t e  equ iva len t  t o  fi = Aw + bv. 

(iii) I f  there e x i s t  c o n s t a n t s  ck so t h a t  L L k h = Ck, g f  
k = 0 I 1,. . . , 2n-1 on a neighborhood of the  o r i g i n  i n  lRn, then 

t h e  input -output  n o n l i n e a r  system (1) i s  s t a t e  e q u i v a l e n t  t o  t h e  

input -output  l i n e a r  system ( 2 ) .  Xoreover, t h e  converse i s  a l s o  

t r u e .  

W e  remark t h a t  (iii) obviously i m p l i e s  (ii) , b u t  it i s  n a t u r a l  

t h a t  (ii) be proved b e f o r e  (iii). 

9 f  
space coord ina te  changes by Lemma 2.2 ,  w e  d e f i n e  new coord ina te s  

. Proof.  S ince  t h e  c o n d i t i o n s  L L k h = Ck are i n v a r i a n t  under s ta te  

(7 )  . . 
h(x) . n-1 T = Lf n 

I n  t h e s e  T c o o r d i n a t e s ,  which for s i m p l i c i t y  we now cal l  x coord i -  

nates, e q u a t i o n s  (1) become 

,X*# ... ? X  1 n 

t U 

y = xl. 
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Now 

W e  a lso have 

L h = Co implies g1 = Co 
9 

L L h = C1 implies g2 = C1 
9 f  

- cn-l i m p l i e s  g L L n-lh - 
- 

- - Cn-1. n g f  

n n a f n  
L L  h = C , =  1 - axi 'i-1 
9 f  i=l 

and 

[ f , g I  = 

c1 

c2 . 
0 

0 

'n-1 
n 

, i=l 
1 a fn - 

axi  %-l 

c1 

c2 

%-1 

. 

Applying the def in i t ions  of L i e  d e r i v a t i v e s  and equat ion  

we f i n d  

L n h  = (dLfnh, I f , g l>  Lrf ,gl  f 

= <Lf (dLfn h)  0g >- L&dLf" h,g> 

- <dLfLF h,g) - Lf(dLfn fitg) 

= <dLfn+' h,g) - Lf<dL;htg> 

= L L."+'h - L L L " h  
9 f  f g f  
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But 

y i e l d s  

Now 

‘n L L ” h  = 
9 f  

and 

Similarly 

n+2h - - ‘n+2 n +1 h = L L  
t f r g l L f  9 f  

L n h =  L L(ad2f,g)  f 

and 

Hence 
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Continuing i n  t h i s  way and assuming the hypothes is  i n  (i) h o l d s  

w e  have 

Q ”  

- 
cO 

c1 

0 

‘n-2 

‘n-1 

c1 

c2 

. 
‘n-1 

‘n 

, ... (adn-2f ,g)  = 

- 
‘n-2 

C,-1 

‘2n-4 

‘2n-3 

These vector fields form an i n v o l u t i v e  set and t h e  conclus ion  i n  

(i) is  valid by results on feedback equiva lence  i n  (51 

Zn-1 - also hold  then If LgLf ‘2n-2 and L g f  L - ‘2n-1 
211-2 

‘n-1 

‘a . 

‘211-3 

. ‘2n-2 

‘n 

%+l 
0 

0 

=2n-2 

‘2n-1 

Therefore 

for a l l  0 - < s , t  - < n ,  and (ii) is proved by r e s u l t s  i n  [Z]. 

A t  this p o i n t  we have shown that 
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Since  g, ( f , g ] ,  . . . , and (adn-lf ,g)  are cons tan t  v e c t o r  f i e l d s ,  

d i f f e r e n t i a t i o n  o f  each equat ion i n  (9 )  w i t h  r e s p e c t  t o  xl, w i t h  

respect to  x2 , . . . ,  and w i t h  r e s p e c t  t o  xn y i e l d s  

Here [a] denotes  the Hessian matr ix  of fn and 1 is any v e c t o r  

l i n e a r l y  independent  set we must have that fn is l i n e a r  i n  

x 1 , x y  ?Xn (recall f(0) = 0) 

Monge-Ampere f o l i a t i o n  implying f n  i s  l i n e a r .  

a l i n e a r  system with l i n e a r  ou tput .  

A l t e r n a t i v e l y ,  we have a f u l l  

Hence (1) is  then 

The n e c e s s i t y  in (iii) is t r i v i a l  s i n c e  the cond i t ions  

L L h = Ck, k - 0 ,  l,..., 211-1 hold 

i n v a r i a n t  under coord ina te  changes on XIn. 

k 
9 f  for a l i n e a r  system and are 

0. 
In  (3) Isidori  in t roduces  t h e  L i e  d e r i v a t i v e s  of an i n p u t -  

o u t p u t  n o n l i n e a r  sys tem (1) i n  ( formal )  Volterra series. 



a, k k ( t - T 1 )  kl r1 k 2  

_- w (1) ( t , T l , X )  = 1 Lf *L L f 'h(x) 
kl,k2=0 kl ! k2 ! 

H e  remarks t h a t  i f  t h e  L L k h (x )  are independent of x for a l l  k > 0 ,  

then  t h e  input-dependent part of t h e  response of t h e  nonl inear  system 

(1) is  l i n e a r  i n  t h e  inpu t .  

r e s u l t i n g  l i n e a r  system ( 2 )  is c o n t r o l l a b l e  and observable, w e  have 

shown t h a t  on ly  t h e  first 2n of L L k h need t o  be cons idered ,  

a d d i t i o n ,  t he  Volterra series collapses t o  t h e  v a r i a t i o n  of c o n s t a n t s  

formula i n  o u r  case. 

g f  - 

P u t t i n g  c o n d i t i o n s  on (1) so t h a t  t h e  

I n  g f  

Following I s idor i  (31 ,  an i n t e r e s t i n g  problem for (1) is  to  

determine c o n d i t i o n s  under which there are f u n c t i o n s  a and 8 so t h a t  

L Lk h ( x )  are independent of x for  k = 0,1,. . . , 2n-1. For t h e  Bg (f+ga) 

dynamics i n  (I) t o  be feedback e q u i v a l e n t  t o  t h e  dynamics i n  ( 2 )  it 

is necessa ry  t h a t  the set (g, [ f#g]  8 (ad 2 f f g ) ,  . 
u t i v e  (see 141 or [ 5 ] )  . 
n o n l i n e a r  system t o  a l i n e a r  system- is  accomplished is by f i n d i n g  

Q and 8, and t h e n  fo l lowing  with s ta te  space coordinate changes [131. 

Then all we have t o  ask  i n  order for  t h e  input -output  non l inea r  

system (1) t o  be feedback equ iva len t  t o  t h e  input -output  l i n e a r  

system (2 )  is  a s imple ques t ion .  

t i o n s  t h a t  L .Lk Bg f+ag 
c o u r s e  t h i s  r e q u i r e s  f i n d i n g  a and B ,  which can be q u i t e  d i f f i c u l t  

( i f  n o t  impossible) i n  many cases.  Moreover, it is  desirable t o  

determine necessa ry  and s u f f i c i e n t  c o n d i t i o n s  depending only  on 

(ad n-2 f fg) 1 be invol -  

O n e  way i n  which t h e  t r ans fo rma t ion  from a 

D o  t h e  a and 8 s a t i s f y  t h e  condi- 

h (x)  , k=O,l, . . . ,2n-l  are independent  of x? O f  
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f, g and h and not on a and B .  However, this may not be possible 
k 

since the conditions L L h(x) = constant, k > 1, are not invariant g f  - 
under feedback. 

George Meyer's [14] highly successful applications of nonlinear 

transformation theory to automatic control of aircraft can be viewed 

in light of this paper. 

input, single-output case. Meyer's 1141 mathematical model is block 

Our discussion is restricted to a single- 

triangular, i. e. 

= f (x ,x ) x1 1 1 2  

with output y = xl. 

Using the transformation theory in I141 we obtain the linear 

system . 
w1 = w2 
. 
"2 = w3 

. 
w ' V  n 

with output z -.wl = xl, a linear system with linear output. 

easily calculate the a 

ceding paragraph are satisfied. We remark that system (12) has no 

zeros, and is thus a special case. 

allows for zeros, as illustrated by example ( 4 ) .  

We can 

and 8 so the conditions mentioned in the pre- 

The general theory of this page 
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The multi-input, multi-output theory is a part of the thesis 

of Mladen Luk’sic. 
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